Abstract We study the dynamics of collisional magnetized plasma sheath with two species of positive ions by using the plasma fluid model. The basic equations of the fluid model are solved numerically where the sheath is in the external magnetic field and the elastic collision between ions and neutrals has been taken into account. In our model, we assume that the collisional momentum transferring cross section has a power law dependency on ion flow velocity. Our analysis demonstrates that the sheath dynamics are sensitive to the power law dependency, especially for the ion with greater density.
Introduction
The understanding of sheath formation of a plasma in contact with an absorbing wall is one of the oldest problems in plasma physics. However, the study of the plasma sheath is still one of the interests in plasma [1] [2] [3] [4] [5] [6] [7] [8] [9] , since it plays an important role in many plasma applications such as processing and fabrication of semiconductor devices [10] , modification of the chemical and physical properties of the materials [11] , film deposition [12, 13] , etching [14, 15] , ion extraction [16] , sputtering [17, 18] , and modal and discrete focusing [19, 20] .
In the sheath region, the ions are accelerated by the electric field and implanted on the absorbing wall. Therefore, understanding the dynamic properties of the plasma sheath is imperative for proper control over the implantation processing. Hence, many theoretical and experimental researches have been developed to study the plasma sheath structure [21] [22] [23] [24] [25] [26] .
External magnetic field and collisions between ions and neutrals are two important components that can affect the plasma sheath dynamics. Many works have investigated the collisional and magnetized plasma sheath containing ion and electron. Besides the works studying two-component plasma sheath composed of ion and electron, the investigation of multi-component plasma sheath has recently drawn considerable attention [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . For example, experimental investigation of plasma sheath containing two positive ions can be found in Refs. [34] [35] [36] [37] . References [34] and [35] have investigated the plasma sheath containing two positive ions, Ar , experimentally, using dc hot-filament multidipole plasma system. Experimental study of two-ion species argonxenon plasma can be found in Refs. [36, 37] and [36, 37] .
Besides experimental investigations, there exist related theoretical studies on multi-component plasma sheath. For instance, the plasma including hot electrons and multiply charged ions has been investigated in Ref. [38] . In Ref. [39] , the effect of positive ion temperature on magnetized electronegative sheath in low-pressure argon-oxygen plasma mixture has been studied. Multi-component non-magnetized and magnetized plasmas containing electron and two positive ions have been analyzed in Refs. [26] and [32] , respectively.
Investigation of the effect of collisions between ions and neutrals on plasma sheath dynamics is more important in magnetized plasma sheath, since it can diminish the effects of magnetic force on sheath dynamics. For example, Refs. [40] and [33] have reported this effect in two-component and multi-component plasma sheaths, respectively.
In Ref. [33] , the effects of ion-neutral collision on the characteristics of a magnetized plasma sheath composed of two species of positive ions have been investigated. Three assumptions were taken into consideration in Ref. [33] as follows: (1) the ion-neutral collision cross section is constant, (2) the ion-neutral collision frequency depends on ion velocity in the cathode direction, and (3) it has been assumed that the ions enter into the sheath vertically. However, the momentum transfer cross section of ion-neutral collision is generally a function of velocity (see chapter 3 of Ref. [41] ). Although two specific cases have been investigated in literature (constant mean free path and constant ion mobility), however, the dependency of ion-neutral collision cross section on ion velocity depends on plasma characteristics such as pressure, ions in plasma and the range of their energies.
In general, the ion-neutral collision cross section r and frequency v have a power law dependency on the ion speed v, as follows [42, 43] :
where n n is the neutral gas density, c s is the ion acoustic velocity, r s is the ion collision cross section measured at ion acoustic velocity, and 'p' is a dimensionless parameter that ranges from 0 to -1. For example, the plasma sheath at low and medium pressures is examined by constant cross section (p = 0); the constant collision frequency for momentum transfer (p = -1) is considered for higher pressures, and for argon plasma in the range of 3-300 eV, p is -0.25. Many works have investigated the effects of power law dependency on two-component or electronegative plasma sheath such as Refs. [43] [44] [45] . From here, we name the power law dependency of collision cross section to ion velocity as collisional regime between ions and neutrals. In this article, we modified the results of Ref. [33] by considering the power law dependency between collision cross section and ion velocity. Also, in our model, the collisions frequency depends on ion velocity and not on its vertical component. It leads to increasing the effects of collision. Although these two cases approximately lead to the same ion dynamics in two-component magnetized plasma sheath [46] , our study shows that they lead to different results in multi-component magnetized plasma sheath. In addition, we consider oblique entrance of the ions into the sheath as a result of magnetic presheath.
The layout of the article is as follows. In ''Fluid model and basic equations'', we present the model and its equations for studying the magnetized collisional plasma sheath composed of electron and two positive ions with different masses. ''Fluid model and basic equations'' ends with the presentation of the normalized form of the basic equations. In ''Numerical results and discussion'', we report our numerical results and analyze their implications. ''Conclusions'' concludes the article by a summary and outlook of our finding.
Fluid model and basic equations
In the presence of a magnetic field, the ions enter into the sheath with an oblique entrance angle as a result of a magnetic presheath. To find the entrance angle of ions into the sheath, it is necessary to solve the fluid equations in the presheath exactly. However, to avoid complex mathematical techniques, the fluid equations in the plasma sheath can be investigated by considering the Bohm criterion at the sheath boundary. Following some theoretical works used in this approach (e.g., [47] [48] [49] [50] [51] [52] ), we consider a magnetized plasma sheath having one-dimensional coordinate space and three-dimensional velocity space. Also, we consider a Cartesian coordinate where the z-direction is chosen as the depth direction (normal to the wall). The plasma sheath boundary is located at z = 0, and the external magnetic field is embedded in the x-z plane and makes h angle with respect to the z-direction. As a result of the magnetic field, the plasma-wall transition consists of a magnetic presheath followed by a Debye sheath. In this article, we study the Debye sheath in which the neutrality is broken.
We assume that the plasma consists of thermal electrons and two positive cold ions with different masses. We suppose that the energy of the electrons is sufficiently low. It enables us to neglect the ionization in the plasma sheath. We explain the basic equations of the model using the following variables:
Variables
Local value Boundary value Normalized form Electron density n e n e0 N e = n e /n e0 Electrostatic potential
Ion velocity
where T e is the electron temperature, c sj = (k B T e /m j ) 0.5 is the ion acoustic speed for the j-th ion (j = 1 and 2), m j is the mass of the j-th ion, k D = (e 0 k B T e /n e0 e 2 ) 0.5 is the electron Debye length and k B is the Boltzmann constant. Using these definitions, the basic equations of the plasma sheath according to the fluid model are as follows:
Continuity equation of j-th ion:
Motion equation of the j-th ion:
where m j is the ion-neutral collision frequency of the j-th ion.
Poisson equation:
In addition, the quasi-neutral condition at the sheath edge leads to
These equations are completed by Boltzmann relation for electron density. Compared with ions, the electrons would be accelerated to high energy very quickly as they are light and very mobile. Hence, they leave behind a large ion charge and so forces on them are closely in balance.
Neglecting the drift terms in the force balance equation and considering the limit of m e ? 0 leads to Boltzmann relation for the electrons as follows [53] :
In the next section, we solve these basic equations numerically to study the sheath dynamics. For numerical solving of the equations, we assume that the plasma sheath variables vary only in the z-direction. Based upon this assumption, the dimensionless forms of the plasma sheath equations are as follows:
where
0.5 B 0 and a j = n n k D r sj for j = 1 and 2. a and c 2 = lc 1 are the dimensionless parameters that specify the strength of the drag and magnetic forces in the plasma sheath equations, respectively. Also, p j is the p value for the j-th ion (see Eqs. 1 and 2).
Numerical results and discussion
This section includes the numerical solution of the normalized equations and discussion on the sheath dynamics for different dependency of collision frequency on the ions velocities. At first, we use a numerical example for investigating the effect of collisional regime on plasma sheath dynamics. The dimensionless parameters in our numerical example are as follows: l = 0.1, a 1 = 0.15, a 2 = 0.45, d = 0.1, c 1 = 5 and h = 40°. Also, the boundary values have been considered as / 0 = 0, u 10 = (0.3, 0.3, 1) and u 20 = (0.1, 0.1, 1) and the electrostatic field at the sheath edge is taken to be an infinitesimal value to prevent the divergence of the numerical results. The boundary values of the ion velocity have been adopted, so that the Bohm criterion in the multicomponent plasma is satisfied [8, 54] . Considering the nonzero components of the velocities parallel to the wall enables us to investigate the oblique entrance of the ions into the sheath. Figure 1 shows the components of the velocity of lighter ion for constant mean free path (p 1 = 0) and constant collision frequency (p 1 = -1).
The figure shows the ion gyration movement because of the external magnetic field. As it is seen, the ion gyro radius decreases by increasing the distance from the sheath edge. Also, the decrease of ion gyro radius for p 1 = -1 is smaller than that of p 1 = 0. In other words, the drag force diminishes the helical movement of the lighter ion, and the diminution of the ion helical movement for constant mean free path is much stronger than that of constant collision frequency. It means that the drag force conquers the magnetic force quickly in constant collision mean free path regime, but it dominates slowly in constant collision frequency regime. These effects can be investigated by studying the effect of 'p' value on the fluctuations of the ion flow velocity in depth direction. Figure 2 shows the velocity of lighter ion in the z-direction versus the distance from the sheath edge.
As seen, the amplitude of the fluctuations of the ion velocity decreases by penetrating into the sheath and increasing the drag force. Also, the results show that the ion velocity decreases by increasing the p 1 value from -1 to 0. From the results, the sheath dynamics for p 1 = -1 is approximately the same as the collisionless magnetized plasma sheath. Our numerical results showed that the velocity of the lighter ion is approximately independent of the p 2 value. Therefore, in a multi-component plasma sheath where the density of the heavier ion is a small percent of the lighter ion, the dynamics of the lighter ion is independent of the collisional regime of the heavier ion. The characteristics of the lighter ion in the plasma sheath depend on its collisional regime. Results shows that the oscillations of the velocity of the lighter ion and their amplitudes depend on the collisional regime of the lighter ion: for low-pressure plasma, the plasma sheath dynamics is approximately the same as that of the collisionless plasma sheath; however, by increasing the pressure, the collisions between ions and stationary neutrals tend to damp the oscillations and gradually diminish their amplitudes. Thus, the effects of magnetic field on plasma increase if the law dependency of the collision regime is satisfied by p values smaller than zero. Figure 3 shows the effects of p 1 and p 2 values on the velocity of the heavier ion in the z-direction. From the results, u 2z increases by increasing the p 1 value (unlike the lighter ion velocity). It means that increasing the p 2 value tends to increase the collision effect and decrease the heavier ion velocity in the depth direction; however increasing the p 1 value tends to increase the heavier ion velocity. Nonetheless, as the effect of the collisional regime of heavier ion is stronger than that of the lighter ion, the ion velocity of the heavier ion decreases on increase of pressure. Figure 4 indicates the effects of p 1 and p 2 values on the sheath electrostatic potential. As seen, the electrostatic potential decreases by decreasing the p 1 and p 2 values. The results show that the effect of the p 1 value is stronger than that of the p 2 value. The reason for this behavior can be explained by using the effect of the p 1 and p 2 values on the net positive space charge. Figure 5 shows the net positive space charge versus the depth for different dependencies of ion collision frequency on the ion velocity. The fluctuations of the net positive space charge are due to the fluctuations of the lighter ion velocity in the z-direction, which leads to the fluctuations of the density distribution of the lighter ion. From the results, if the collisional regime of the plasma sheath is near to constant collision cross-sectional regime, the effects of collisions on the sheath structure increase (compared with constant collision frequency regime), which tends to decrease the ion velocity and gathering of ions. Also, the effect of the collisional regime of the lighter ion on the net positive space charge and electrostatic potential is more than that of the heavier ion.
The results of the numerical example show that the collisional regime between ions and neutrals has significant effects on plasma sheath dynamics, such as the energy and densities of the ions and the electrostatic potential. In the next subsection, we calculate the sheath dynamics of Ar ? -He ? plasma considering the real collisional regime and compare the results with specific cases: constant collision cross section and constant collision frequency.
Specific example: He-Ar plasma
Consider a multi-component plasma containing two ion species, Ar
? -He ? , with the same density. Here, m 1 = 4 and m 2 = 40, so l = 0.1. Also, assume that the plasma is in B = 4 mT external magnetic field, making an angle of h = 40°with respect to the depth direction, neutral gas density n g = 3 9 10 14 cm -3 in 10 mTorr pressure at room temperature KT = 0.02 eV, electron density n e0 = 10 9 cm -3 and r 2s = 3r 1s = 5 9 10 -15 cm 2 [41] . Therefore, the dimensionless parameters are c 1 = 5 and a 1 = a 2 /3 = 0.15. For argon in the range of 3-300 eV, the power law is most closely satisfied by -0.25, so p 2 = -0.25. However, for helium ions streaming through a low-pressure plasma sheath, the cross section is more closely approximated by the constant mean free path, p 1 = 0. Figure 6 shows the normalized kinetic energy of argon ions and compares the result with the results of Ref. [33] in which p 1 = p 2 = 0. The result shows that the argon ion energy is not the same as the constant collision cross-sectional regime. Consider that the most closely satisfied p 2 value for argon ion tends to increase of the energies of argon ions and small decrease of that of helium ions. As the results show, the difference between the real collisional regime and constant collision cross-sectional regime increases by increase of the ions' distance from the sheath edge. Therefore, the most closely satisfied dependency of collision cross section to the ion velocity should be considered in the investigation of the multi-component plasma sheath.
Conclusions
We studied the sheath dynamics containing two positive cold ions in the presence of an external magnetic field. We considered a collisional plasma sheath where the collision frequencies of both ions have a power law dependency on the ions' flow speeds. The numerical results showed that near the sheath edge, the sheath dynamics are independent of the collision regime. However, by increasing the distance from the sheath edge and increasing the ions' velocity in the cathode direction, the effects of the collision regime on the sheath dynamics are as follows:
-The velocity of the lighter ion in the depth direction decreases by increasing the p 1 value and is independent of the p 2 value. In other words, the maximum effect of drag force on the lighter ion velocity corresponds to the case where the lighter ion is in the constant collisional mean free path regime. -Maximum effect of drag force on the heavier ion velocity corresponds to p 1 = -1 and p 2 = 0. -The effect of collision regime of lighter (heavier) ion on some sheath dynamics such as electrostatic potential and net positive space charge is more than that of heavier (lighter) ion for d \ 1 (d [ 1). -When the occupation fraction of the heavier and lighter ions in the sheath is approximately the same (d * 1), two ions can be considered as two independent ions. Hence, the maximum effect of drag force on the sheath dynamics corresponds to the case that both ions are in the constant mean free path regime (p 1 = p 2 = 0). Also, the effect of the collisional regime of the heavier ion on the sheath dynamics increases by increasing the d value. -The sheath dynamics is approximately the same as collisionless magnetized plasma sheath when the collision frequencies of the heavier and lighter ions are constant.
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